Introduction

M
ANY problems of aerodynamics and thermophysics come to solving differential equations with small coefficients at the highest derivative. The latter leads to the formation of regions with small linear dimensions where gradients of the functions are large. Nonuniform convergence or even divergence of numerical solutions takes place in the numerical analysis of such classical problems by traditional box-schemes. In this study, gas flow parameters in a boundary layer under the condition of blowing on the body surface are analyzed.
From a mathematical point of view, the increase of the flow rate of blowing gas is equivalent to the existence of a small coefficient at the highest derivative in the boundary-layer equations.' As a result, a new sublayer with large gradients of temperature and velocity is created.
The gas flow in the boundary layer at the stagnation point of a blunt body is studied using a two-point uniform exponential box-scheme. The identical problem was considered by El-Mistikawy and Werle' using a three-point exponential boxscheme. In order to apply our two-point scheme, a more effective regularization algorithm is developed. The improved matrix variant4-%f the regularization is applied.
Gas Blowing into a Boundary Layer
Consider the flow of a perfect gas in the boundary layer near the stagnation point of a blunt body with uniform blowing at the surface. A viscosity coefficient is assumed to be linearly proportional to the gas temperature and the coefficient of proportionality is the Chapman-Rubesin ~a r a m e t e r . ' .~ Then the system of boundary-layer equations, considering heat transfer on the body surface, will acquire the following form2? correspondingly.
Boundary conditions are the following: On the surface of the body (7 = 0) considering the gas blowing On the external boundary of the layer (q + w)
In Eq. (3) the parameter f,, characterizes the mass flow rate of the blowing gas. The increase of the rate leads to a new type of mathematical problems,' i.e., the solution of the equations with small coefficients at the highest derivative. Special box-schemes should be used in order to solve such problems. These are schemes with uniform convergence or exponential schemes. l.3.5.6
The exponential box-scheme has been developed by ElMistikawy and Werle3 for numerical solution of the FaulknerScan Eqs. (1) and (2) at S = 0 under the conditions of intensive blowing. The uniform three-point scheme" has the second order of convergence when using a variable size of the grid cells. As the authors of the study3 indicated, their method of calculations contains all of the positive features of both exponential as well as two-point box-schemes. However, their method does not have all of the advantages of the twopoint box-schemes, i.e., when their scheme is applied to solve the equation system and some of the equations should or could be solved by the traditional box-scheme.' The principal advantages of the two-point box-schemes are 1) using this app r~a c h , " "~ any type of boundary conditions estimated accurately; 2) algorithmization of the grid-cell-size changes is very simple; and 3) fluxes of the flow parameters are calculated without additional procedure and the approximation error of the fluxes is the same as that of other terms of the equations. The two-point exponential box-scheme developed has the second order of uniform convergence. In the case considered previously, it is obviously better if the traditional box-scheme is a two-point one as, e.g., in studies of Keller,' Denisenko and P r o v o t o r~v ,~~' Provotorov and R i a b o~,~ and Riabov and Provotorov." In this study, the two-point exponential box-scheme has been developed and analyzed. Its regularization algorithm is described.
Model Equation
Consider the model equation
Here the parameter E can accept very small magnitudes, and The solution (6) is used to obtain the box-scheme characteristics. Consider that the functions as well as the derivatives are continuous in the cell (i + f). These conditions offer two linear relations for the coefficients A +, B + , A , and B-.
Besides, using Eq. (6), the values of the functions {u(~)} and the derivatives {u")) will be found in the cells (i) and (i + 1).
These conditions determine four linear relations for the coefficients A + , B + , A , and B through the values of the functions d2) and the derivatives u(') in the cells (i) and (i + 1).
Solving this system of four equations in connection to the coefficients A + , B + , A -, and B -, and substituting their values in the first two equations connected to two linear relations, the box-scheme will be obtained. The following new parameters are introduced: the parameter h is a grid-cell size of the
Finally, at 1 5 i 5 N , the obtained box-scheme could be
The most general form of the boundary conditions is ~t l~( , l )
Regularization Algorithm
Here is the analys~s of the regularization algorithm for the solution of the two-point equations (15), (7), (8), and (16). In this study an economical method of the regularization has been developed. This method uses significantly less arithmetic calculations than the identical method offered by Samarskii and Nik01aev.~ Consider two neighbormg grid cells (1) and (1 + 1). In the cell (i) the boundary condition of the same type as Eq. (15) is
Find the value uj" from Eq. (8)
Substituting the parameter u?) into Eq. (17), we find the value ujl):
Thus, the value uj" could be calculated as the following: The described method of regularization uses 37% less arithmetical calculations than the algorithm of Samarskii and N i k~l a e v .~ The CPU timings also support this reduction by the factor of 1.32.
Uniform Convergence of Box-Schemes
The three-point box-scheme was offered by El-Mistikawy and Werle3 for the solution of the boundary-value problems, which could be described by Eq. (5). They assumed that this box-scheme is uniform and of the second order. These properties of the box-scheme were proven by Doolan et al.' under the conditions b = 0 . In this study, an accurate numerical analysis of the determination of the order of uniform convergence of both the two-and three-point box-schemes has been conducted by the method of Doolan et a1.l Two steps of calculations were used.
Step A: The parameters z,,, are calculated: grid-cell size, h grid-cell size, h The maximum is estimated in all grid cells. The parameter h is the size of the largest cell.
Step B: The criteria of the uniformity is assessed:
Assume, that the criteria (33) is equivalent to the criteria where parameters C, and P, are independent of the parameter k, and therefore, the parameter P, could be estimated by formula
Compared to the study of Doolan et a1.l the calculations of the parameters in Eq. (35) have been conducted with double precision. The order of uniform convergence has been estimated by the considered procedure of calculations at constant e and at h + 0. The values of the parameter P, have been calculated for the linear boundary-value problem':
The magnitudes P, are shown in Figs. 1 and 2 for the twoand three-point box-schemes, respectively. The obtained data lead to the conclusion that both box-schemes are of the second order of the uniform convergence. From this point of view they are equivalent. The difference in the assessment of the order of uniformity is only in the coefficient of the terms remaining in the approximation. This should be expected due to the difference in the cell sizes and in the procedure for calculating the coefficients in Eq. (5), designing the box-scheme.
The two-point exponential box-scheme was used by Makashev and P r o v o t~r o v '~ and Provotorov and Riabov5." to solve the boundary-layer equations and the thin-viscous-shock-layer equations for nonequilibrium multicomponent dissociating gasmixture flows. The results have been obtained in the whole range of chcmical reaction rates up to the values near equilibrium. The iteration process permits one to obtain a rapid convergence towards the solution. This property of the numerical algorithm is especially significant when the influence of the recombination processes and blowing on the flow structure are essential. In the cases considered in previous s t u d i e~~,~~.~~ the number of iterations was below six.
-Boundary-Layer Gas Flow with Blowing
The numerical method developed in this study has been used for the numerical solution of the boundary-layer equations under the conditions of moderate and intensive blowing from the body surface. The profiles (solid lines) of the tangential component of the velocity and its derivative u' along the normal 7 at the stagnation point on the surface of the axisymmetrical blunt body (P = 0.5) are shown in Fig. 3 for different values of the blowing parameter (f, = 0, -2.5, -10, and -25). As the rate of blowing increases, the boundary layer is thicker. The values of a' are decreased under these conditions. In this problem the surface of the body is considered as thermally isolated. Figure 3 also shows the results of the calculations obtained using the three-point exponential box-scheme (markers) developed by El-Mistikawy and Werle.? Comparison of the results obtained by different methods demonstrates that they are in a good agreement.
The flow parameters in the boundary layer near the cooling surface (at the temperature factor t,, = 0.1) with blowing are shown in Figs. 4 and 5 (solid lines). As discussed, the presence of the blowing flow significantly changes the structure of the flow in the boundary layer as seen in the distribution of the velocity a. In addition, the essential changes in the distribution of the values g = SIS,, which characterize the temperature changes, were obtained (see Fig. 5 ). For the f , = -10 case, the main changes of the parameter g take place in the narrow zone [1.25 < logl,,(7) < 1.81. The changes of the velocity take place in the significantly wider region [O < log,,,(^) < 1.81.
As the temperature factor t,, = 1 + S,, increases up to t,, = 1 (dashed lines in Figs. 4 and 5) , the flow zone, formed by blowing, is located closer to the body surface. The transition boundary towards the upstream flow becomes wider. Without blowing, the influence of t , on the distribution u and g is practically absent. The change of the blowing rate significantly influences the distribution of the velocity and temperature in the boundary layer, and as the result, this change significantly influences the heat flux and friction on the body surface. The complex structure of combustion zones in a thin viscous shock layer was discussed by Riabov and Botin14 under the conditions of moderate Reynolds numbers and moderate hydrogen injections. Figure 6 shows the parameters g'(0) and u r ( 0 ) , which characterize the heat flux and friction on the body surface as functions of the blowing parameter f,,. The body surface is turned to be fully thermally isolated at If,[ 2 2. Further increase of the parameter I f,,,l is not justified. The effectiveness of the thermal isolation by blowing increases at the decreasing of temperature factor t,, from 1.0 (dashed lines) to 0.1 (solid lines). A t the same time the friction decreases.
Conclusions
The results of this study demonstrate that the usage of moderate blowing decreases the heat flux towards the body surface and also decreases the friction on the surface at the stagnation point. The flow parameters in this case should be calculated using the two-point exponential box-scheme. The major feature of this scheme is its uniform convergence of the second order, and it has to be considered in the full range of changing the blowing parameters. The application of the two-point box-scheme compared to the three-point box-scheme demonstrates essential advantages of the two-point exponential box-scheme.
